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Abstract A new numerical method of solving integro-differential equations appearing in
the theory of atomic and nuclear scattering systems has been devised. It is termed Singu-
lar Value Decomposition Method (SVD). It consists in expanding the exchange kernel into
a number of separable terms by means of the Singular Value Decomposition and then it-
erating over the remainder. In this paper, we extend our SVD method to the scattering of
low energy electron-helium which has been the subject of interest, both theoretically and
experimentally. We compare our results with the Moments Method which is widely used.
The Moments Method consists of making an expansion of the solution into an especially
favorable basis that takes care of the non-exchange part of the Hamiltonian.

Keywords SVD · Integro · Kernel · Non-local

1 Introduction

Taking into account the Pauli Exclusion Principle for identical Fermi particles, requires
that the quantum-mechanical wave function be totally antisymmetric. In the Hartree-Fock
approximation this leads to an integro-differential form of the Schrödinger equation, whose
integral kernel is made up from the exchange terms. For this reason, the solution is not as
easily obtained as for the case without exchange terms. In the early investigations [18] the
exchange terms were taken into account iteratively, by using Green’s functions defined by
the local part of the potential. However, the iterations do not always converge. Methods to
accelerate the convergence have been introduced, but such methods tend to be cumbersome
and unpredictable. An improved iteration procedure that is known as “SVD method” has
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been obtained by means of a separable representation of the integral kernel [5, 6]. We have
shown that it is a definite improvement over the conventional iteration techniques. Other
methods have been developed which consist in introducing a set of basis functions such as
Laguerre polynomials, and expanding both the solution and the target states into this basis
[1, 2, 4, 7, 10, 12, 14, 17]. Another such expansion that is widely used and accurate is known
as the Moments Method [3, 8, 9, 11, 13, 15, 16] which uses a set of basis functions obtained
by applying successively higher powers of the Hamiltonian operator with local potentials
on an initial scattering wave function. This method has been very successful in applications
to nuclear and atomic physics problems. All of these procedures, however, that depend on
having a basis are not easy to implement.

In this paper, we extend our SVD method to the scattering of low energy electron-helium.
This scattering reaction has been the subject of continuing interest, both theoretically and
experimentally. We compare numerically our method of calculation to the Moments Method.
Our SVD method consists in replacing the exchange kernel by a number of fully separable
terms, and carrying out iterations only over the remainder. This is possible because, as is
well known, the Green’s function for a Schrödinger equation with both local and non-local
but fully separable potentials can be obtained without much difficulty by adding solution-
dependent constants to the Green’s function distorted only by the local potential.

2 Electron Scattering from Helium

In atomic units, the Schrödinger equation for a helium atom and one free electron can be
written as
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�(�r1, �r2, �r3) = 0, (1)

where

rij = |�ri − �rj |, i ≥ 1, j ≤ 3,

and where E is the total energy of the scattering system and � is total wave function of the
scattering system.

The Pauli exclusion principle requires that the total wave function for the system be
antisymmetric in the interchange of any two electrons. Since the target configuration forms a
singlet spin state, only one orientation of the scattering electron spin need to be considered.
Furthermore, since exchange is explicitly included, the atomic orbitals must be properly
paired with the wave function for the scattering electron. From these considerations the total
wave function with total angular momentum L = 0 and total spin S = 1/2 quantum numbers
describing the scattering electron by a helium atom is written as

�L=0,S=1/2(�r1, �r2, �r3) ≈ 1√
3r1r2r3

[�(1,2)u(3)S(1,2)α(3) + �(1,3)u(3)S(1,3)α(2)

+ �(2,3)u(1)S(2,3)α(1)], (2)

where S is the singlet spin function

S(i, j) = 1√
2

[
α(i)β(j) − α(j)β(i)

]
(3)
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α and β are single electron spinors with projections ms = 1
2 and ms = − 1

2 respectively, u is
the wave function of the scattering electron and �(n)(i, j) is the wave function of the helium
atom. Without loss of generality, we consider the helium atom in its ground state, i.e.,

�(i, j) = ψ(i)ψ(j).

The radial scattering differential equation for u is obtained by multiplying (1) by S(1,2)

ψ(r1)ψ(r2) then integrating over the radial coordinates r1 and r2 and all angles. The u

equation is given as

[
d2
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+ k2 − V S(r)

]
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(6)

3 The Separable Content of the Nonlocal Kernel

The singular value decomposition method (SVD) consists of decomposing the kernel
Kl(v

′, v′′) into a number of fully separable terms plus a remainder. The method is as fol-
lows. First a numerical integration algorithm is chosen which divides the range of integration
[0, rmax] into a set of N discrete points. Correspondingly the kernel Kl(r

′, r ′′) is transformed
into a N × N matrix Kl(i, j), with i = 1,2, . . . ,N , and likewise for j . We perform a sin-
gular value decomposition on K as follows:

K = UσV T , (7)

where the columns of U are the column vectors us of length N , and the columns of V are
the column vectors vs of length N , and σ is a N × N diagonal matrix of the non-negative
quantities σs, s = 1,2, . . .N , ordered by decreasing size (the largest ones first). The matrices
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U and V are each orthogonal,

N∑
i=1

uisuir = δsr 1 ≤ s ≤ N,1 ≤ r ≤ N

N∑
i=1

visvir = δsr 1 ≤ s ≤ N,1 ≤ r ≤ N

(8)

size (the largest ones first). As a result of the above, a fully separable piece of rank n can be
separated out of the matrix K , leaving a residual matrix KR ,

K = KS + KR (9)

by carrying the sum in (8) to an upper limit n which includes only the largest values σs .

KS =
n∑

s=1

usσsv
T
s ≡

n∑
s=1

|us〉σs 〈vs | . (10)

4 Greens Function for a Separable Potential

In order to obtain the Green’s function GV +KS (r, r ′), which is distorted by both the local
potential V and the fully separable Kernel KS , we write the solution of (1) symbolically in
the form

ψ (r) = f (r) + GV

(
KS + KR

)
ψ (r) (11)

where the integration over the variables is implicitly assumed. For simplicity, let us assume
that only two terms in KS are responsible for the divergence of the iterative Green’s function
approach, (11). In order to obtain the overlap integrals 〈vi |ψ〉, i = 1,2 we multiply (11) on
the left with

√
σi〈vi | and integrate over all r’s, with the result that

√
σi〈vi |ψ〉 = √

σi〈vi |f 〉+√
σi〈vi |GV (KS +KR)|ψ〉. Rearranging terms one obtains the following matrix equation for√
σi〈vi |ψ〉
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and

Gss′ = √
σs〈vs |GV |us′ 〉√σs′ , s = 1,2.

Solving (12) for [〈v1|ψ〉, 〈v2|ψ〉] and inserting the result into Eq. (11), one obtains

ψ = f − GV [u1〉, u2〉]
√

σM−1√σ
{[〈v1|f 〉, 〈v2|f 〉]T + [〈v1|KR|ψ〉, 〈v2|KR|ψ〉]T

}
,

(13)
from which the result for GV +KS emerges:

GV +KS = GV

{
1 − [|u1〉|u2〉]

√
σM−1√σ

[ 〈v1|
〈v2|

]}
(14)
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Table 1 We display the phase shift values in radians for the electron-
helium-positron scattering case calculated from the HF theory, δHF at
ka0 = 0.2,0.4,0.6, and 1.0 where ka0 is the continuum wave number.
Also displayed are phase shifts calculated using the moments method

ka0 δHF(SVD) δHF(Moments)

0.4 2.559 2.563

0.6 2.298 2.319

0.8 2.085 2.101

1.0 1.902 1.903

Hence, the solution of (11) in terms of GV +KS is:

ψ(r) = GV +KS f (r) + GV +KS KRψ(r). (15)

5 Results and Discussion

The set of coupled integro-differential equations was iterated through a self consistent field
procedure. We solved the equation in the presence of only the local potential, and then
including the non-local part through Green’s function iteration. The iterations converged
with up to 5 singular values and at most 10 iterations are required to obtain a convergence of
one part in ten thousand. Our phase shift results in the Table below are in perfect agreement
with Moments Method results of one single open channel e-Helium scattering.

In conclusion, our method described here improves upon the convergence by separating
out of the non-local kernel a fully separable part by means of the Singular Value Decompo-
sition method (SVD). By this means the region of convergence could be extended to a larger
domain. Moreover, the SVD method has the advantage that it can be used for non-localities,
which are more general than the semi-separable exchange ones. SVD is inherently stable
therefore it is likely the method of choice.

Acknowledgements Authors (EZ) and (AB) would like to thank The Army Research Office (ARO) and
Air Force Office of Scientific Research (AFSOR) for their full Financial support under the award No. 54428-
PH-ISP. The research work of (AB) was also partially supported by NSFCREST Grant No. HRD-0630388.
These supports are genuinely and sincerely appreciated by both authors.

References

1. Botero, J., Shertzer, J.: Phys. Rev. A 46, R1155 (1992). doi:10.1103/PhysRevA.46.R1155
2. Bray, I.: Phys. Rev. A 49, 1066 (1994). doi:10.1103/PhysRevA.49.1066
3. Bray, I.: Phys. Rev. Lett. 78, 4721 (1997). doi:10.1103/PhysRevLett.78.4721
4. Briggs, B., Klar, H., Rawitscher, G.H., Lukaszek, D., Mackintosh, R.S., Cooper, S.G.: Phys. Rev. C,

Nucl. Phys. 49, 1621 (1994). doi:10.1103/PhysRevC.49.1621
5. Burke, P.G., Smith, K.: Rev. Mod. Phys. 34, 458 (1962). doi:10.1103/RevModPhys.34.458
6. Burke, P.G., Schey, H.M., Smith, K.: Phys. Rev. 129, 1258 (1963). doi:10.1103/PhysRev.129.1258
7. Clenshaw, C.W., Curtis, A.R.: A method for numerical integration on an automatic computer. Numer.

Math. 2, 197 (1960). doi:10.1007/BF01386223
8. Fiedeldey, H., Lipperheide, R., Rawitscher, G.H., Sofianos, S.A.: Phys. Rev. C Nucl. Phys. 45, 2885

(1992). doi:10.1103/PhysRevC.45.2885
9. Golub, G., Loan, C.V.: Matrix Computations. Johns Hopkins Press, Baltimore (1983)

http://dx.doi.org/10.1103/PhysRevA.46.R1155
http://dx.doi.org/10.1103/PhysRevA.49.1066
http://dx.doi.org/10.1103/PhysRevLett.78.4721
http://dx.doi.org/10.1103/PhysRevC.49.1621
http://dx.doi.org/10.1103/RevModPhys.34.458
http://dx.doi.org/10.1103/PhysRev.129.1258
http://dx.doi.org/10.1007/BF01386223
http://dx.doi.org/10.1103/PhysRevC.45.2885


1588 Int J Theor Phys (2009) 48: 1583–1588

10. Gonzales, R.A., Eisert, J., Koltracht, I., Neumann, M., Rawitscher, G.J.: Comput. Phys. 134, 134 (1997).
doi:10.1006/jcph.1997.5679

11. Jones, S., Stelbovics, A.T.: Phys. Rev. Lett. 84, 1878 (2000). doi:10.1103/PhysRevLett.84.1878
12. Kim, B.T., Udagawa, T.: Phys. Rev. C Nucl. Phys. 42, 1147 (1990). doi:10.1103/PhysRevC.42.1147
13. Rawitscher, G.H., Esry, B.D., Tiesinga, E., Burke, J.P. Jr., Koltracht, I.J.: Chem. Phys. 111, 10418 (1999).

doi:10.1063/1.480431
14. Rawitscher, G., Kang, S.-Y., Koltracht, I.: Bull. Am. Phys. Soc. (Damop meeting)
15. Sams, W.N., Kouri, D.J.: J. Chem. Phys. 51, 4809 (1969)
16. Smith, E.R., Henry, R.J.: Phys. Rev. A 7, 1585 (1973). doi:10.1103/PhysRevA.7.1585
17. Udagawa, T.: Comput. Phys. Commun. 71, 150 (1992). doi:10.1016/0010-4655(92)90080-I
18. Zerrad, E., Khan, A.-S., Zerrad, K., Rawitscher, G.: Can. J. Phys. 81(10), 1215 (2003)

http://dx.doi.org/10.1006/jcph.1997.5679
http://dx.doi.org/10.1103/PhysRevLett.84.1878
http://dx.doi.org/10.1103/PhysRevC.42.1147
http://dx.doi.org/10.1063/1.480431
http://dx.doi.org/10.1103/PhysRevA.7.1585
http://dx.doi.org/10.1016/0010-4655(92)90080-I

	Singular Value Decomposition Solution  of the Schrödinger Equation in the Presence of Exchange Terms
	Abstract
	Introduction
	Electron Scattering from Helium
	The Separable Content of the Nonlocal Kernel
	Greens Function for a Separable Potential
	Results and Discussion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


